Approximate Double Commutants in von Neumann Algebras 



Don Hadwin 

Dedicated to Eric Nordgren, a great mathematician and a great friend. 

Abstract. Richard Kadison showed that not every commutative von Neu- 
mann subalgebra of a factor von Neumann algebra is equal to its relative 
double commutant. We prove that every commutative C*-subalgebra of a cen- 
trally prime C*-algebra B equals its relative approximate double commutant. 
If S is a von Neumann algebra, there is a related distance formula. 



One of the fundamental results in the theory of von Neumann algebras is von 
Neumann's classical double commutant theorem^ which says that if <S = 5* C (7J ) , 
then S" = W* (S). In 1978 [3] the author proved an asymptotic version of von 
Neumann's theorem, the approximate double com.m.utant theorem. For the asymp- 
totic version, we define the approximate double commutant of 5 C S (-ff), denoted 
by Appr(5') , to be the set of all operators T such that 

\\AxT-TAx\\^0 

for every bounded net {A\} in B (H) for which 

WAxS-SAxW 

for every S G S. More generally, if B is a unital C*-algebra and S C B,we define the 
relative approximate double commutant of S in B, denoted by Appr(S', S)", in the 
same way but insisting that the T's and the A\'s be in B. The approximate double 
commutant theorem in B {H) [3] says that li S^S\ then Appr(5) = C* [S). 
Moreover, if we restrict the {j4;v}'s to be nets of unitaries or nets of projections 
that asymptotically commute with every element of 5, the resulting approximate 
double commutant is still C* {S). 

A von Neumann algebra B is hyperreflexive if there is a constant K > 1 such 
that, for every T e B (H) 

dist{T,B) < K sup {\\TP ~ PT\\ : P eB',P a projection}. 

The smallest such K is called the constant of hyperreflexivity for B. The inequality 

sup{||TP- Pr|| : P e M',P a. projection} < dist{T,M) 

is always true. The question of whether every von Neumann algebra is hyper- 
reflexive is still open and is equivalent to a number of other important problems 
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in von Neumann algebras (see [6]). It was proved by the author [4, that every 
unital C*-subalgebra A oi B (H) is approximately hyperreflexive; more precisely, if 
T E B {H), then there is a net {P\} of projections such that 

\\APx - PxA\\ ^ 

for every A A, and 

dist (T, A) < 291im \\TPx - PxT\\ . 

If we replace the role of B (H) with a factor von Neumann algebra, then the 
double commutant theorem fails, even when the subalgebra is commutative. Sup- 
pose iS is a subset of a ring TZ. We define the relative commutant of S in TZ, the 
relative double commutant of S in TZ, and the relative triple commutant of S in TZ, 
respectively, by 

(5, TZ)' = {T eTZ-.yS e S, TS = ST} , 
{S, TZ)" = {T eTZ:\/Ae {S, TZ)' , TA = AT} , 

and 

(5, TZ)'" ^ {T eTZ-.VAe {S, TZ)" , TA = AT} . 
It is clear from general Galois nonsense that 

{S,TZ)'" = {S,TZ)' . 

Following R. Kadison [8] we will say a subring of a unital ring B is normal if 

M = {M,B)" = {M'nB)'nB. 

R. Kadison [8] proved that if is type / von Neumann subalgebra of a von 
Neumann algebra B, then is normal in B if and only if its center Z = 
A4 n A4' is normal if and only if Z {A4) is an intersection of masas (maximal abelian 
selfadjoint subalgebras) of B. See the paper of B. J. Vowden JL4J for more examples. 
We see that the part of Kadison's result concerning abelian C*-subalgebras is true 
in the C*-algebraic setting. We prove general version for rings, which applies to 
commutative nonself adjoint subalgebras of a C*-algebra or von Neumann algebra. 

Lemma 1. Suppose A4 is a unital abelian subring of a unital ring B. The following 
are equivalent: 

(1) M = {M,B)". 

(2) A4 is an intersection of maximal abelian subrings ofB. 

(3) A4 is an intersection of subrings of the form {S,B)' for subsets S of B. 

Proof. First note that every maximal abelian subring £ has the property that 
£ = {£,B)', which implies £ = {£,B)" and the implication (2) =J> (3). It is also 
clear that if {Si : « € /} is a collection of nonempty subsets of B, then 

\J{S„B)' c{n,^jS„B)' , 

and 

{n,eiS^,B)" cf]{S„B)" . 

This, and the fact that {S,B)"' = {S,B)' always holds, yields (3) =^> (1). 

To prove (1) =^ (3), suppose (1) holds, and let W be a maximal abelian subring 
of B such that C W. For each W e yV\M, by (1), there is a Tw e {M,B)' 
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such that TwW ^ WTw- Smce the rmg generated by U {Tw} is abehan, it is 
contained in a maximal abehan subring Sw^ and W ^ Sw- Hence 

X = Wn Pi Sw, 

wew\M 

which proves (2) holds. □ 



If in the statement and proof of the preceding lemma we replace "ring" with 
"C*-algebra", we obtain the following result for C*-algebras. 

Corollary 1. Suppose Ad is a unital commutative C*-subalgebra of a unital C*- 
algehra B. The following are equivalent: 

(1) M. is normal in B. 

(2) A4 is an intersection of masas in B. 

(3) A4 is an intersection of algebras of the form (SjB)' for subsets S of B. 



We now know that every masa in a C*-algebra is normal. If is a masa in 
a von Neumann algebra B, then the double commutant theorem holds even with a 
distance formula. The proof is a simple adaptation of the proof of Lemma 3.1 in 



Lemma 2. Suppose A4 is a masa in a von Neumann algebra B and T E B. Then 

dist{T,M) < sup{||[/r-T[/|| : U ^ U* e B,U^ = l} = 

2sup{||rP- PT|| : P ^P* = eB} 

Proof. Let R denote the right-hand side of the inequality, and let D be the 
closed ball in B centered at T with radius R. Suppose is a finite orthogonal set 
of projections in Ai whose sum is 1. Let G (J^) be the set of all sums of the form 

PeJ" 

with each Ap in { — 1, 1}. Then G (J-) is a finite group of unitaries and each U G 
G (J^) has the form 2Q — 1 with Q a finite sum of elements in Moreover, if 
U = 2Q-1, 

2 \\TQ - QT\\ = \\TU - UT\\ = \\T - UTU*\\ . 
It follows that UTU* E D for every U eG{F). Define 

^ ' U£G(F) 

Since G (J^) is a group, it easily follows that, for every Uq E G (T), 

UoSjtUq — Sjr. 

This implies that Sjr = ^PTP e J"' = G (J")' . Choose a subnet {SjrJ that 

PeJ" 

converges in the weak operator topology to G 13. Then S € {Ai, B)' D D. Since 
{M,B) =M, we conclude 

dist{T,A4) < \\T-S\\ < R. 
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□ 

We now address the approximate double commutant relative to a C*-algebra. 
If 5 is a subset of a C*-algebra B, we know that Appr(tS, B)" must contain the 
center Z {B) = B D B'. Hence if ^ is a unital C*-subalgebra of a von Neumann 
algebra B, then 

C*{AUZ [B]) C Appr {A, Bf . 

When A is commutative, we will prove that equality holds. 

The following result is based on S. Macado's generalization of the Bishop- 
Stone- Weierstrass theorem. See |12| for a beautiful short elementary proof. 

Lemma 3. Suppose W is a unital C*-subalgebra of a commutative C*-algebra V, 
and S = S* £ T). Then there are multiplicative linear Junctionals a,j3 on T) and 
nets {A\ \ , {Bx} , {Xa} o,nd {Yx} in V such that 

{!) 0<Xx< Ax < 1,0 <Yx<Bx< 1, 

(2) XxYx = O^AxXx = Xx, YxBx = Yx, 

(3) \\DXx-a{D)Xx\\ ->■ and \\DYx - /S {D)Yx\\ for every D e V , 

(4) a(A) ^ fi (A) for every AeW, 

(5) aiXx) = HYx)^l for every X, 

(6) l3{S)-a (S) ^ 2dist {S, W). 

Proof. Let K be the maximal ideal space of T> and let F : I? — > C {K) be the 
Gelfand map, which must be a ^-isomorphism since 2? is a commutative C*-algebra. 
Let g = T (S) = T (S*) = g It follows from Machado's theorem [TT] that there is a 
r (yV)-antisymmetric set E C K such that 

dist (5, W) = dist {g, T (W)) = dist {g\E, T (W) \e) ■ 

Since — (W) is self-adjoint and is F (W)-antisymmctric, every function in F (W) 
is constant. Hence dist {g\E:T {W)\e) is the distance from g\E to the constant 
functions. It is clear that the closest constant function to g\E is 

g(/3)-g(«) 

2 

where a,/3 G 9 iP) — max^-g^ g (x) and g {a) — miuj-g^ 5 (x). Let A be the 
directed set of all pairs A = {Ux,Vx) of disjoint open sets with a G and /3 S Va, 
ordered by Ai < A2 if and only if Ux2 C Ux^ and l^a ^ ■ For each A S A choose 
continuous functions rx, sx,txTUx ■ K ^ [0, 1] such that 

a. rx {a) = tx (/3) = 1, 

b. 0<rx= rxsx < sa < 1, 

c. < tA txux <ux<l, 

d. suppsA ^ Ux and suppuA C Vx- 

If we choose Ax,BxXx,Yx £ A such that F (Xx) = rx, F (Ax) = sa, F {Yx) = 
tx, and F(i3A) — ux, then statements (l)-(6) are clear. □ 

A C*-algebra B is primitive if it has a faithful irreducible representation. A 
C*-algebra B is prime if, for every x,y ^ B, we have 

xBy — {0} =^ X — OT y — Q. 
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Every primitive C*-algebra is prime, and it was proved by Dixmier ^2j that every 
separable prime C*-algebra is primitive. N. Weaver jl5 l gave an example of a 
nonseparable prime C*-algebra that is not primitive. 

We define B to be centrally prime if, whenever x,y B, < x,y < 1 and 
xBy = {0}, there is an e G Z (B) such that x < e < 1 and y < 1 — e < 1. The 
centrally prime algebras in include the prime ones, von Neumann algebras, and 

a 

TT'^'/^Z'^* or a C*-ultraproduct when {Bi : i G /} is a collection of unital 

is/ iei iei 

primitive C*-algebras (see the proof of Theorem 2]) . 

We characterize Appr {A, B)" for every commutative C*-subalgebra ^ of a cen- 
trally prime C*-algebra B, and we show that there is a distance formula for every 
commutative unital C*-subalgebra if and only if every masa in B has a distance 
formula. In particular, when i3 is a von Neumann algebra, we obtain a distance 
formula. 

Remark 1. Here is a useful comment on distance formulas. If B is a unital C*- 
algehra and S ^ S* 'Z B, then {S,B)' is a unital C*-algebra, so, by the Russo-Dye 
theorem, the closed unit ball of {S, B) is the norm-closed convex hull of the set of 
unitary elements in (S,B)' . Hence, for any T E B, 

sup {\\TW ~ WT\\ : W E {S,By ,\\W\\ < 1} = 

sup { \\TU -UT\\:U e (5, B)' , U is unitary} . 
A similar result holds in the approximate case. Suppose (A, <) is a directed set. 
Then YIB is a unital C*-algebra and the set 
AeA 

£ = \ {Wx} ellB-.ySeS, lim \\WxS - SWx\\ = I 

I ASA ^ J 

is a unital C*-algebra and is the closed convex hull of its unitary group. Hence 
sup jlimsup IITI^A - WxT\\ : W = {Wx} G £, \\W\\ < l| = 

sup jlimsup \\TUx - UxT\\ : U = {Ux} e£,U is Mmtoryj . 



Theorem 1. Suppose B is a centrally prime unital C*-algebra and Z [B) C W C 2? 
are unital commutative C*-subalgebras of B. Suppose S — S* T). Then there is a 
net {Wx} in B such that 

(1) Wx is unitary for every X, 

(2) limA \\AWx - WxA\\ = for every AeW, 

(3) limA ||S'T4^A - WxS\\ = 2dist{S,W). 

Moreover, if B is a von Neumann algebra,, then there is a seguence {Pn} of 
projections in B such that 

4. limA II^-Pa - ^'a^II = for every AeW, 

5. limA II^Pa - PxS\\ = dist{S,W). 
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Proof. Let W = C*{AUZ{B)[J {S}) , V = C*{ALiZ{B)LI {S}) . Now 
choose a,/3 and nets {A\} , {B\} , {Xx} and {Y\} in V as in Lemma [H We first 
show that X\BY\ ^ {0}; otherwise, since B is centrally prime, there is an e G Z (B) 
such that X\ < e < 1 and 1a < 1 — e < 1. Hence a (e) = 1 and /3 (1 — e) = 0, 
or /? (e) = 0. However, e G W and, by part (4) of Lemma [Sj we get a (e) = /3 (e). 
This contradiction shows that X\BY\ 7^ {0} . Hence there is a Ca G B such that 
^XxCxYxW = 1. Define = X^CyXx = A^Wx = W^Bx- Lemma |3] implies that, 
for every D £T>, 

\\DWy^~a{D)Wx\\ = \\DAxWx-a{D)AxWx\\ < \\[D - a (D)] Ax\\ \\Wx\\ ^ 0, 
and 

\\WxD-/3{D)Wx\\ - \\WxBxD~l3{D)WxBx\\ < \\Wx\\ \\Bx [D ~ a iD)]\\ ^ 0. 

Since a{A) = (3 (A) for every A G W, it follows that \\AWx - WxA\\ 0. It also 
follows that 

lim||M^AS'-S'T4^A|| ^ \im \l3 (S) ~ a {S) \ \\Wx\\ = \(3 {S) - a{S)\ ^ 2dist {S,yV) . 

We now appeal to Remark [T] to replace the net {Wa} with a net of unitaries. 

Now suppose ,B is a von Neumann algebra. Once we get XxBYx ^ we 
know that there is a partial isometry Vx in B whose final space is contained in 
the closure of ranXx and whose initial space is contained in (kerlA)^- Then 
(3) holds with {Wx} replaced with {Vx} . Also, = (since XxYx = 0), so 
-Pa = 5 (^A + + VxV^ + V^Vx) is a projection. Using the above arguments 
gives us 

1|W;Va - P {D) V^VxW 0, WV^VxD - p {D) V^VxW ^ 

and 

\\DVxV<: - a (D) VxVni ^ 0, WVxV^D ~ a (D) VxY^W ^ 0, 
which implies 

\\DV;:Vx - V;:VxD + DVxV^ - VxVxD\\ ^ 
for every D B. Thus 

lim ||5Pa - -Pa^II = ^ lini ||(a (5) Vx - Vx/S {S)) + (/3 (5) - {S))\\ = 

hm i \p {S) -a{S)\ II -Vx\\ = ^\l3 (S) -a{S)\= dist {S, W) , 
since ||V^* — Va|| = 1 for every A. □ 

Theorem 2. Suppose A is a unital commutative C*-subalgehra of a centrally prime 
unital C*-algebra B. Then 

Appr {A^Bf = C* (AUZiB)). 

Hence A is normal if and only if Z (B) C A. 

Proof. It is clear that W = C* {AU Z (B)) C Appr {A, B)" . Choose a masa 
V ofB with ACV. Then 

yy C Appr {A, B)" C Appr (P, B)" = V. 

If we choose S" = 5* G Appr {A, B)" and apply Theorem [T] we see that S G W. 
Since Appr {A, B)" is a C*-algebra, we have proved that Appr {A, B)" C W. □ 
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In the von Neumann algebra setting, we get a distance formula. We have not 
tried to get the best constant. 

Theorem 3. Suppose A is a unital commutative C*-subalgebra of a von Neumann 
algebra B and T ^B. Then there is a net {P\} of projections in B such that, 

(1) for every A ^ A, 

\\APx - PxA\\ ^ 0, 

and 

(2) 

dist{T,C* {AUZ{B))) < 10lim\\T Px - PxT\\ . 

Proof. Let W = C* {AU Z (6)). We define the seminorm A on B by A (V) 
to be the supremum of limA \\VP\ — P\V\\ taken over all nets {Pa} of projections 
in B for which \\APx - PxA\\ for every A e A and limx \\VPx - PxV\\ exists. 
Let 2? be a masa in B such that W CV. 

We first assume T = T*. It follows from Lemma [2] that there is an S G V such 

that 

115 -r|I < 2sup{||rP- PTII : P = P* = P^ eV} <2A{T) . 
If we apply Theorem [l] we obtain a net {Pa} of projections in B such that 

limllW^PA -PaVFII =0 
for every W gW, and such that 

lim ||Pa5 - 5Pa|| = dist (5, W) . 

It follows that 

dist (T, W) < dist {S, W) + US' - T|| < A (5) + 2A (T) < 

and 

A (5 - P) + A (T) + 2A (P) < \\S - T\\ + 3A (P) < 5A (P) . 

whenever T — T*. 
For the general case, 

dist (P, A) < dist (Re P, A) + dist (Im P, A) < 



5A(ReP) + 5A(ImP) < 5 



iA(P + P*) + iA(P-P*) 



< 



5 [A (P) + A(P*)] = lOA (P), 
since A(P) = A(P*). □ 

Corollary 2. If B is a centrally prime C*-algebra with trivial center, e.g., a fac- 
tor von Neumann algebra or the Calkin algebra, then A = Appr{A,B)" for every 
commutative unital C*-subalgebra A of B. 



In some cases our results yield information on relative double commutants. 
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Theorem 4. Suppose {Bn} is a sequence of primitive C*-algehras andB = J^;B„/^^S„ 

n>l ri>l 

If A is a separable unital C*-suhalgebra of B, then 

{A, B)" ^C* {A\JZ{B)), 
i.e., C* {AU Z (B)) is normal. 

Proof. We first show that B is centrally prime. Since each S„ is primitive, 
we can assume, for each n € N, that there is a Hilbert space Hn such that Bn is 
an irreducible unital C*-subalgebra of B (Hn). Suppose A, B G B, < A, B < 1 
and ABB = 0. We can lift A, B, respectively to a sequences {A^} , {Bn} in ]^i3„. 

n>l 

Hence, for every bounded sequence {r„} G JJS„, we have 

n>l 

lim \\AnTnBn\\=0. 

n— J-cxD 

Choose unit vectors e„, /„ G Hn so that ||A„e„|| > ||A„|| /2 and ||B„/„|| > ||B„|| /2. 
It foUwos from the irreducibility of Bn and Kadison's transitivity theorem [9 that 
there is a r„ G Bn such that ||T„|| = 1 and T„S„/„ = ||-Bn/n|| e,; 

= lim WAnTnBnW > lim ||A„r„B„/„|| > lim^ ||A„|| ||B„| 



Hence 

For each n G N we define 



lim min(||A„||,||B„||)' < lim ||A„||||B„| 

n— >oo n—^oo 



1 if \\Bn\\ < II A, 
if IIAJI < \\Bn 



Pn = 

Then {Pn} is in the center of JJ-Bn and 

n>l 

lim ||P„B„|| = lim ||(1-P„)A„|| =0. 



n—^oo n—^oc 



If P is the image of {-Pn} in the quotient i3, then P is a central projection and 
PA = P and (1 — P) B = B. Hence B is centrally prime. So it follows that 

appr {A, B)" = C*{AiJZ [B)) . 

The proof will be completed with proof of the following claim: If 5 is a norm- 
separable subset of B, then 

appr {S,B)" ^{S,B)" . 

It is clear from considering constant sequences that the inclusion appr {S, B)" C 
(S, B)" holds for every unital C*-algebra B. To prove the reverse inclusion, sup- 
pose T ^ appr [S ,B)" . Then there is and e > and a net {Ax} in B such that 
\\AxS-SAx\\ for every 5 G 5, and such that \\AxT -TAx\\ > e for ev- 
ery A. Let 5o = {S*!, 52, . . .} be a dense subset of S. We can lift each 5'„ to 
{Sn{i)}j>i e and lift T to {T(j)}^.>^. It follows that, for every n G N, 

k>l 

there is an An G B with \\An\\ ~ 1 such that 

a. \\AnSk - SkAnW < l/n for 1 < A: < n. 
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b. \\AnT-TAn\\ >e/2. 
Note that HB eB hfts to {B (j)}j>i e Jl^k, then ||B|| = limsup^-^o^ \\B 

k>l 

If we lift each An to {A„ (j)} , it foUows that we can find an arbitrarily large 
jn e N such that \\An (jn) Sk (jn) - Sk (jri) An {j„)\\ < l/u for 1 < fc < n and 
\\An (jn) T (jn) — T (j„) An {jn)\\ > e/2. Sincc jn Can be chosen to be arbitrarily 
large, we can choose {jn} so that ji < j2 < • • • • We now define A £ B hy defining 

A{j) = l ^" ^ ^ n>l 

y otherwise 

We see that ASk = SkA for all fc > 1 and \\AT - TA\\ > e/2. Hence T i (5, B)" . 

□ 



We conclude with some questions. 

(1) If M. is a normal von Neumann subalgebra of a factor von Neumann 
algebra Z?, is there a constant X > 1 such that, for every T € B, 

dist{T,M)<K sup {\\TP-PT\\ : P = ^ P* e M' nB}'! 

When B — B (H) , this question is equivalent to Kadison's similarity prob- 
lem. What about factors not of type /? 

(2) Is there an analog of Theorem |3] for arbitrary C*-subalgebras of a factor 
von Neumann algebra? 

(3) It seems likely that a version of parts (4) and (5) of Theorem [T] might hold 
under assumptions weaker than B being a von Neumann algebra. Is it true 
when B has real-rank zero? What if we include nuclear and simple? The 
key is getting the partial isometries V\ in the proof of Theorem [TJ When 
does a unital C*-algebra B have the property that whenever X,Y, A, B > 
are in B and AX = X, BY = Y, AB = and XBY ^ {0}, there is a 
nonzero partial isometry V £ B such that AV — VB — VI 
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